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We study an analog quantum simulator coupled to a reservoir with a known spectral density. The
reservoir perturbs the quantum simulation by causing decoherence. The simulator is used to measure
an operator average, which cannot be calculated using any classical means. Since we cannot predict
the result, it is difficult to estimate the effect of the environment. Especially, it is difficult to resolve
whether the perturbation is small or if the actual result of the simulation is in fact very different
from the ideal system we intend to study. Here, we show that in specific systems a measurement of
additional correlators can be used to verify the reliability of the quantum simulation. The procedure
only requires additional measurements on the quantum simulator itself. We demonstrate the method
theoretically in the case of a single spin connected to a bosonic environment.
PACS numbers: 42.50.Lc,03.65.Yz
In recent years, there has been tremendous progress in
the development of qubits for quantum-information ap-
plications [1–4]. The number of qubits we need to build a
universal error-corrected quantum computer is, however,
still relatively large [5]. Therefore, it is important to de-
velop ideas for near term applications of well-controlled
quantum systems. One of the key ideas is to use small
artificial quantum systems as analog quantum simulators
[6]. In this case, we need to be able to map the Hamilto-
nian of the well-controlled artificial quantum system to
a system of interest which we want to simulate [7]. This
can either be achieved by rapid application of pulses or by
creating a static Hamiltonian which maps to the Hamil-
tonian of interest, either directly or via a unitary trans-
formation.
Many impressive experiments have been performed re-
cently to examine models from solid-state physics us-
ing artificial quantum systems [8–11] and many addi-
tional proposals exist [12–14]. Even though the map-
pings are often more complicated, quantum simulation
is also applicable to other fields like particle and astro-
physics [15, 16]. However, to use quantum simulation as
a tool to investigate problems that are not solvable an-
alytically or on classical computers, it is essential to be
able to detect errors in these systems [17–19]. Relying
on validations using classical computation [20, 21] or dif-
ferent physical realizations [22, 23] strongly restricts the
applicability of quantum simulation.
Here, we derive a protocol that allows us to estimate
the size of the error in the result of the simulation by
additional measurements. We consider a situation where
the error arises from a coupling of the simulator to ex-
ternal degrees of freedom in an environmental bath. The
simulator is described by the Hamiltonian HS(t) and the
goal of the simulation is to determine an operator aver-
age 〈Aˆ(t)〉0. We discuss a case where the simulator is
coupled via the operator Oˆ to the bath described by the
Hamiltonian HB. The bath is characterized by the corre-
lator 〈Xˆ(t)Xˆ(0)〉0, where Xˆ is an operator acting on the
bath. Many methods exist to determine the bath cor-
relation function [24, 25] and we assume that the noise
correlator is known. This is a simplified model which al-
lows us to explain the major features of our approach.
However, the approach also works in more general cases
where many baths are coupled via many operators Oˆi and
in situations where the perturbation is given by disorder
in HS(t).
Our main result is that an estimate for the error in
the simulation can be achieved by measuring additional
correlators of the perturbed quantum simulator. With
these additional measurements it is possible to define a
perturbative quantity which needs to be small. To calcu-
late the relevant perturbative quantity it is necessary to
measure correlators of the form 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉. Here,
we show under which condition the result of the quantum
simulation is reliable. To derive this condition we use an
expansion in the coupling on Keldysh contour [26] and
discuss the conditions of convergence.
The full system can be described by the Hamiltonian
H(t) = HS(t) +HB + λBHC , (1)
with λB = 1 where HC describes the coupling between
the ideal simulator contained in HS(t) and the bath con-
tained in HB. The time evolution is given by
UλB (t, t0) = T exp
(
−i
∫ t
t0
dt′H(t′)
)
, (2)
where T is the time-ordering operator (t > t0). U1(t, t0)
describes the time evolution of the full system. The evo-
lution without coupling to the environment, which we
2call the ideal time evolution, is described by U0(t, t0). We
transform operators in the interaction picture according
to, BˆI(t) = U0(t0, t)BˆU0(t, t0). With this we calculate
the expectation value of operator Aˆ,
〈Aˆ(t)〉 = Tr
[
ρ0U(t0, t)AˆU(t, t0)
]
= Tr
[
ρ0UI(t0, t)AˆI(t)UI(t, t0)
]
, (3)
with UI(t, t0) = T exp
(
−i
∫ t
t0
dt′HC,I(t
′)
)
. We expand
〈Aˆ(t)〉 in orders of HC . In the zeroth order we have
〈Aˆ(t)〉 ≈ Tr
[
ρ0AˆI(t)
]
, which is the ideal result. To show
the expansion in a compact fashion we use the graphical
form of an expansion on Keldysh contour [26]. In this
case an expansion in HC results in
〈Aˆ(t)〉= + + + +
+ + + +
+ + + +
+ + + +
+ + + + + . . . .(4)
Here, each upper line corresponds to the free (ideal) for-
ward time evolution, Eq. (2) with λB = 0, and the lower
line to the backward time evolution. The dots represent
orders of HC and we consider explicit time sorting. We
first discuss contributions up to second order and later
we confirm that a small perturbation in second order in-
dicates a small contribution to all orders by analyzing
the fourth order. All diagrams up to the fourth order
are shown. We assume 〈HC〉 = 0 and that contributions
from odd orders in HC are zero. Explicitly, the contri-
butions up to second order are
〈A(t)〉 ≈ Tr
[
ρ0AˆI(t)
]
+
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2) , (5)
with the zeroth-order term Tr
[
ρ0AˆI(t)
]
= 〈Aˆ(t)〉0,
where the index 0 indicates that the time evolution is
taken with UλB=0. If we assume a very general form
for the coupling Hamiltonian HC = OˆXˆ (with OˆXˆ =
Oˆ ⊗ Xˆ), the lowest-order correction C2(t, t1, t2) can be
written as,
C2(t, t1, t2) = 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉0 〈Xˆ(t1)Xˆ(t2)〉0
+ 〈Oˆ(t2)Aˆ(t)Oˆ(t1)〉0 〈Xˆ(t2)Xˆ(t1)〉0
− 〈Oˆ(t2)Oˆ(t1)Aˆ(t)〉0 〈Xˆ(t2)Xˆ(t1)〉0
− 〈Aˆ(t)Oˆ(t1)Oˆ(t2)〉0 〈Xˆ(t1)Xˆ(t2)〉0 . (6)
If the expansion converges, C2 is an estimate for the size
of the error introduced by the environment. This is dis-
cussed in more detail at the end of this article. To be
able to estimate C2, the approximate size and form of
the noise correlator 〈Xˆ(t1)Xˆ(t2)〉0 needs to be known.
We assume that the noise correlator can be estimated ei-
ther by theoretical considerations or through calibration
techniques.
We now propose the following protocol to estimate the
deviation of the measurement result 〈Aˆ(t)〉 from the ideal
result 〈Aˆ(t)〉0:
1. The average 〈Aˆ(t)〉 and the three-time correla-
tors of the form 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉 which appear in
Eq. (6) have to be measured. Of course, when mea-
sured, these quantities are perturbed averages with
HC 6= 0.
2. We assume the perturbation to be small, an as-
sumption which we will control in a self-consistent
way. From our initial assumption we can then as-
sume that 〈Aˆ(t)〉 ≈ 〈Aˆ(t)〉0. In the same way we
assume for all relevant three-time correlators that
〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉 ≈ 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉0 and so on
for the other correlators.
3. In accordance with our assumption in point 2, we
use the measured three-time correlators to calculate
C2. If all our assumptions are valid, the correction
is small in comparison to the result of the simula-
tion 〈Aˆ(t)〉 and we have a relation of the form∣∣∣∣∣∣
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2)
∣∣∣∣∣∣≪
∣∣∣〈Aˆ(t)〉∣∣∣ . (7)
If Eq. (7) holds for the C2 calculated from the measure-
ment results on the perturbed simulator, this means that
the determination of C2 was approximately correct and
that the results of the quantum simulator are reliable. In
the case that Eq. (7) does not hold, both our estimate
for C2 and for 〈Aˆ(t)〉0 are not reliable and within our
method no result can be gained from the simulator.
To carry out the protocol correlators of three operators
at different times have to be measured. Techniques to
measure two-time correlators[27–29] using only a single
ancilla qubit, can be extended to the case of three-time
correlators. However, in the following we describe how
the reliability can be estimated without the need of three-
time correlators and the exact knowledge of the bath.
For any situation where the effect of the bath should
stay small, it is a necessary assumption to approximate
the bath correlation function with an exponential decay:
〈Xˆ(t1)Xˆ(t2)〉0 ≈ λe
−γ|t1−t2| . (8)
It is also in accordance with the standard master-
equation approach used to describe decoherence in quan-
3tum systems. In a more general treatment, the bath cor-
relator is given by a sum of exponential functions. In our
approximation, we only keep the function with the small-
est decay rate γ which contributes at long time scales.
With Eq. (8) we find,
t∫
t0
dt1
t1∫
t0
dt2 | 〈Xˆ(t1)Xˆ(t2)〉0 | ≈
λ
γ
(t− t0) . (9)
An upper bound for C2 is then given by∣∣∣∣∣∣
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2)
∣∣∣∣∣∣ ≤
λ
γ
(t− t0)
(
2| 〈Oˆ(t)Aˆ(t)Oˆ(t)〉0 |
+ | 〈Aˆ(t)Oˆ(t)Oˆ(t)〉0 |
+| 〈Oˆ(t)Oˆ(t)Aˆ(t)〉0 |
)
, (10)
where the system correlators are estimated by their max-
imal value. Using this result for the left-hand side of
Eq. (7) it is possible to verify the reliability of the sim-
ulation, without measuring three-time correlators. With
this we see that a measurement of system correlators at
one time and a rough knowledge of the decay proper-
ties of the bath is enough to estimate if the result of the
simulation is trustworthy.
Using the protocol described above it is possible to
evaluate for which time t the result of the simulator is
reliable. But under specific circumstances the correc-
tions even remain small for all times. It is immediately
clear that our expansion corresponds to a short-term ex-
pansion of the time evolution. Therefore, our expansion
tends to diverge in the limit of long times for generic
three-time correlators 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉0. This means
that for most simulations the results will be reliable on
a certain time scale. Using our protocol it is possible to
evaluate what this time scale is. However, we find that
for some specific but still quite general forms of the three-
time correlators, convergence can be achieved even in the
long time limit and therefore the error in a quantum sim-
ulation might stay small on all time scales. After this, we
verify for the case of a single qubit that the protocol de-
scribed above is in fact able to characterize the reliability
of the result of the perturbed simulation. In the follow-
ing, we call the three-time correlators 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉0
"system correlators" since they only involve operators
acting on the system.
To analyze the convergence of the series in Eq. (4),
we approximate the bath correlator as an exponentially
decaying function (Eq. (8)) and assume the bath to be
Markovian. This means that the smallest decay rate γ
is still large in comparison to the system decay rates.
For good quantum information systems this assumption
is reasonable.
At first, we consider the worst case scenario, where the
system correlators neither decay nor oscillate fast. Here,
we treat them as a constant factor c1 when evaluating
the integrals. With this we find,
t∫
t0
dt1
t1∫
t0
dt2 〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉0 〈X(t1)X(t2)〉0
= c1λ
t− t0
γ
+ c1λ
e−γ(t−t0) − 1
γ2
. (11)
For each of the four terms in Eq. (6) we find the same
result with an appropriate constant ci. These terms in-
crease with increasing time. In this case the series con-
verges only in the short-time limit. Consequently, the
results of the simulation are only reliable on the respec-
tive time scale. It is illustrative to consider a term of the
fourth order. Here, we contract the bath correlators in
the following form
= + + . (12)
To write it in this way we assumed that Wick’s theo-
rem holds for the operators Xˆ, so that the bath correla-
tor is given by a product of two-time correlators. From
standard master-equation calculations, we find that in-
separable diagrams (the last two diagrams) will converge
quite well if the bath correlator decays fast. For our
specific calculation this means that inseparable diagrams
will never be larger then the lowest-order contribution.
However, the first diagram is separable and therefore not
converging for t0 → −∞,
=
t∫
t0
dt1
t1∫
t0
dt2
t2∫
t0
dt3
t3∫
t0
dt4〈Xˆ(t1)X(t2)〉0〈Xˆ(t3)X(t4)〉0
× 〈Oˆ(t3)Oˆ(t1)Aˆ(t)Oˆ(t2)Oˆ(t4)〉0 ≈ cλ
2 (t− t0)
2
γ2
. (13)
We see that some of the fourth-order contributions grow
quadratically with time and similar results can be found
for higher-order diagrams. To achieve convergence in this
series at long times, it is necessary that the correlators
of the system operators decay exponentially.
We now demonstrate the convergence in a simple ex-
ample, where HS is a simulator for the spin-boson model,
a situation which is similar to several proposals for quan-
tum simulators consisting of qubits coupled to bosonic
baths [30, 31]. We consider a regime where all properties
of the model can be calculated within the Born-Markov
approximation [32]. This, of course, is not a very inter-
esting limit for quantum simulation, but it allows us to
straightforwardly discuss the properties of the correction
C2, Eq. (6), for the case where the system correlators
decay exponentially to the stationary value. The system
4we consider is described by
HS =
1
2
ǫσz +
∑
i
ωib
†
ibi + σx
∑
i
ti(b
†
i + bi) (14)
HB =
∑
i
ǫic
†
ici (15)
HC = σx
∑
i
fi(c
†
i + ci) . (16)
We have then Oˆ = σx. Experimentally this could corre-
spond to a situation where a simulator of the spin-boson
model is coupled to another independent bosonic bath.
This offset to the ideal system can be described by the
perturbation HB coupled to the system via HC . For
simplicity, we assume now that the bath HB has ap-
proximately a flat spectral density, so that we can use
the simple approximation in Eq. (8) for the bath corre-
lator (similar exponential decay also characterizes more
general environments in the long time limit). Addition-
ally, we assume the variation of the system correlators
〈Oˆ(t1)Aˆ(t)Oˆ(t2)〉0 on the scale γ
−1 to be negligible and
therefore in the limit t0 → −∞ we have
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2)
≈
2λ
γ
t∫
t0
dt1
(
〈σx(t1)Aˆ(t)σx(t1)〉0 − 〈Aˆ(t)〉0
)
(17)
=
2λ
γ
t∫
t0
dt1
(
Tr
[
Π0t1→t(σxΠ
0
t0→t1(ρ0)σx)Aˆ
]
−Tr
[
Π0t0→t(ρ0)Aˆ
])
, (18)
where Π0t1→t2(ρ) describes the time evolution of the sys-
tem density matrix according to H0. To derive this
we have used the quantum regression theorem and that
σ2x = 1. Master-equation calculations yield the time evo-
lution of the density matrix of the spin-boson model,
Π0t0→t(ρ) =
(
e−Γ(t−t0)ρ↑↑0 e
− iǫ+Γ
2
(t−t0)ρ↑↓0
e
iǫ−Γ
2
(t−t0)ρ↓↑0 1− e
−Γ(t−t0)ρ↑↑0
)
, (19)
with the spin decay rate Γ, and ρ0 being the initial den-
sity matrix at t0. Preparing the system in a mixed state,
ρ0 =
(
a 0
0 1− a
)
, (20)
we find in the limit t0 → −∞
Π0t1→t(σxΠ
0
t0→t1(ρ0)σx)−Π
0
t0→t(ρ0)
=
(
e−Γ(t−t1) 0
0 −e−Γ(t−t1)
)
(21)
and with this
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2) ∝
λ
γΓ
. (22)
We find a finite value for the second-order term even
on long time scales. With this we see that the system
correlators have the ability to create convergence in the
series in Eq. (4) in the long-time limit. On the condition
that the series converges, a measurement of C2 reveals
the reliability of the quantum simulation for all times. In
the above situation, the result is then proportional to the
ratio of the decoherence rates induced by the two parts
of the bosonic environment, λ/γ and Γ, as expected. In
the Supplementary Information, we go through another
example where C2 correctly predicts the induced error.
To study the question whether a small value of C2 jus-
tifies the assumption that the series converges, we use the
fact that the main contributions for t0 → −∞ arise from
separable diagrams. For convergence, it is necessary that
the system correlators decay. For a simple example we
assume them to decay exponentially like e−κ(t−ti). With
this we find in the second order (similar to above)
t∫
t0
dt1
t1∫
t0
dt2C2(t, t1, t2) ≈
λ
γκ
(
2 〈Oˆ(t)Aˆ(t)Oˆ(t)〉0
− 〈Oˆ(t)Oˆ(t)Aˆ(t)〉0 − 〈Aˆ(t)Oˆ(t)Oˆ(t)〉0
)
. (23)
In the fourth order, we get the contributions
t∫
t0
dt1
t1∫
t0
dt2
t2∫
t0
dt3
t3∫
t0
dt4C4(t, t1, t2, t3, t4)
≈
(
λ
γκ
)2 (
〈Oˆ(t)Oˆ(t)Oˆ(t)Oˆ(t)Aˆ(t)〉0
− 4 〈Oˆ(t)Oˆ(t)Oˆ(t)Aˆ(t)Oˆ(t)〉0
+ 6 〈Oˆ(t)Oˆ(t)Aˆ(t)Oˆ(t)Oˆ(t)〉0
− 4 〈Oˆ(t)Aˆ(t)Oˆ(t)Oˆ(t)Oˆ(t)〉0
+ 〈Aˆ(t)Oˆ(t)Oˆ(t)Oˆ(t)Oˆ(t)〉0
)
. (24)
In the specific case Oˆ = σx and Aˆ = σz , we obtain in sec-
ond order that
∫ t
t0
dt1
∫ t1
t0
dt2C2(t, t1, t2) ≈ −4
λ
γκ
〈Aˆ(t)〉0,
and in fourth order that
t∫
t0
dt1
t1∫
t0
dt2
t2∫
t0
dt3
t3∫
t0
dt4C4(t, t1, t2, t3, t4) ≈ 16
(
λ
γκ
)2
〈Aˆ(t)〉0
≈

 t∫
t0
dt1
t1∫
t0
dt2C2(t, t1, t2)


2
〈Aˆ(t)〉
−1
0 (25)
We see that if C2/ 〈A(t)〉0 = x then C4/ 〈A(t)〉0 ≈ x
2.
Therefore, in this example, a small value of C2 indicates
5the convergence of the series in HC . In the considered
situations a small value of C2 indicated negligible higher-
order contributions and thereby justified the verification
method. This is not true in all generality. Of course, in
certain systems it might be possible that C4 is finite even
though C2 vanishes, since matrix elements of operators Aˆ
and Oˆ force that (see Supplementary Information). With
this in mind, the protocol can also be applied to a set of
operators Aˆi, rather than one, to increase the reliability.
For non-ideal situations beyond these scenarios, further
error tests can be considered by extending the above pro-
tocol to higher orders in HC .
To use our protocol one has to estimate which operator
Oˆ couples the system to its environment. For the differ-
ent qubit types the dominating noise sources are well
known. Carrying out the protocol for the possible opera-
tors Oˆ separatly will lead to an estimation for the reliabil-
ity. It is also possible that the quantum simulator is not
coupled to its environment through one operator Oˆ, but
rather that multiple independent baths are coupled via
HC =
∑
i OˆiXˆi. The calculations presented above can
be straightforwardly extended to this case, where sums
over 〈Oˆi(t1)Aˆ(t)Oˆj(t2)〉0 appear. This is for example the
case for a system of multiple qubits, where each qubit is
coupled to an individual bath. Therefore, the protocol
scales with N2, where N is the number of qubits. For
large number of qubits the effort to measure the system
correlators will be significant. Because of this, we think
our protocol is especially useful for analog simulators con-
sisting of qubits coupled to bosonic modes. These simu-
lators can yield interesting results using a small number
of qubits[31].
We derived our protocol on the basis of a time-
dependent system Hamiltonian HS(t). Formally, this
means that the case of digital quantum simulation with
a sequence of gates is included in this discussion. Digital
quantum simulation allows us to simulate a great vari-
ety of problems [33–35] but a large number of qubits and
gates is necessary for these simulations. Using digital-
analog approaches[30] the number of qubits can be re-
duced, so that our protocol to estimate the reliability is
practically relevant.
Furthermore, errors in quantum simulation can arise
from imperfections in the fabrication, which can be in-
terpreted as disorder. In this case, the perturbed quan-
tum simulator is described by H = HS + δHS . Standard
perturbation theory tells us that in case of small static
errors the lowest order correction is proportional to ma-
trix elements of δHS and stays small at all times. For
slowly time-dependent disorder δHS(t), it is very likely
that the ensemble averages have a Gaussian distribution.
With this we end up with equations similar to those dis-
cussed above. For fast fluctuating disorder we get the
same equations as above where the bath expectation val-
ues are averages of classical random variables. With this
we see that in the case of disorder it is also possible to
estimate the reliability of the simulator using such a self-
consistent protocol.
In conclusion, we showed how the measurement of ad-
ditional correlators can be used to study the reliability of
quantum simulation of a certain expectation value 〈Aˆ(t)〉
in a self-consistent manner. The procedure allows to es-
timate the size of the error by using only measurable
quantities of the quantum simulator. For this purpose, it
is necessary to have a rough estimation of the decay prop-
erties of the bath. The protocol then reveals on which
time scale the result for 〈Aˆ(t)〉 is reliable. Additionally,
we show that for specific systems, where the system cor-
relators decay towards a stationary average, the results of
the simulation are reliable for all times. This type of ap-
proach can then be used to test the reliability of the result
of an analog quantum simulation without comparing to
classical computations or to other physical realizations of
the quantum simulator. Our method supports the devel-
opment of near term quantum simulators that are used to
solve problems which cannot be solved or verified using
classical computers.
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Supplementary Information
In this supplementary part, we show that for a system Hamiltonian that describes a decoherence-free single spin, and
a bath Hamiltonian that induces system decoherence, the check of the condition in Eq. (7) results in the conclusion
that the quantum simulation ist not reliable. With this we have then given examples to show that our protocol
works in confirming a reliable quantum simulation. But as well we showed that the protocol is able to reveal the fact
that perturbations are too strong to trust the results. The case of a single qubit is not of interest for real quantum
simulations, but due to the fact that the system correlators do not decay without influence of the external degrees of
freedom, it is a simple example to illustrate the rejection by our protocol.
We consider the case, where
HS =
1
2
ǫσz HB =
∑
i
ǫic
†
i ci HC = σx
∑
i
fi(c
†
i + ci) . (26)
The system Hamiltonian is thereby decoherence free. In our protocol, C2 is calculated (measured) using the perturbed
correlators, since we assume self-consistently that they are equivalent (or very close) to the unperturbed correlators.
To show that our protocol works, we have to verify the condition in Eq. (7) using the perturbed quantities.
Since the perturbed system is equivalent to the unperturbed spin-boson model discussed in the paper, we can give
the result directly,
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2) ∝
λ˜
γ˜Γ˜
, (27)
where we assume the limit t0 → −∞ and used the initial mixed state in Eq. (20). The bath that induces the transition
of the qubit with rate Γ˜, is in this case the same that characterizes the external bath, so that we have Γ˜ ≈ λ˜
γ˜
. Within
7this identification we get
t∫
t0
dt1
t1∫
t0
dt2 C2(t, t1, t2) ≈ 2(A↓↓ −A↑↑) , (28)
where A↑↑, A↓↓ are matrix elements of Aˆ. In the limit t0 → −∞, the condition implied by the relation of Eq. (7) then
reduces to
2|A↓↓ −A↑↑| ≪ |A↓↓| . (29)
In the case A↑↑ = −A↓↓ (i.e. when Aˆ is σz), the condition is never fulfilled. Therefore, the protocol reveals that the
result of the simulation is not reliable. We also see that applying our protocol to different operators Aˆ erases the
possible mistake arising from that the reliability condition is fulfilled "by accident" (i.e. when A↑↑ ≈ A↓↓). In this
example this would be the case for Aˆ in the x-y-plane. Choosing an operator with a contribution of σz would uncover
this false assessment.
